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Abstract 

We show equivalence of distality and pointwise distality of certain 
actions. We also show that a compactly generated locally compact 
group of polynomial growth has a compact normal subgroup K such 
that G/K is distal and the conjugacy action of G on K is ergodic; 
moreover, if G itself is (pointwise) distal then G is Lie projective. We 
prove a decomposition theorem for contraction groups of an automor- 
phism under a certain condition. We give a necessary and sufficient 
condition for distality of an automorphism in terms of its contraction 
group. We compare classes of (pointwise) distal groups and groups 
whose closed subgroups are unimodular. In particular, we study rela- 
tion between distality, unimodularity and contraction subgroups. 
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1 Introduction 



Let T be a (topological) semigroup acting on a Hausdorff space X by con- 
tinuous self-maps. We say that the action of T on X is distal if for any two 
distinct points x, y £ X, the closure of {(j(x), 7(2/)) | 7 £ T} does not in- 
tersect the diagonal {(a, a) | a £ X} and we say that the action of T on X 
is pointwise distal if for each 7 £ T, the action of {7 n } n6 N on X is distal. 
The notion of distality was introduced by Hilbert (cf. Ellis [10]) and studied 
by many in different contexts: see Ellis [10] . Furstenberg [Tl] and Raja-Shah 
281 and the references cited therein. 
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Let G be a locally compact (Hausdorff ) group and let e denote the identity 
of G. Let T be a semigroup acting continuously on G by endomorphisms. 
Then the T-action on G is distal if and only if e ^ Tx for all x G G \ {e}. 
The group G itself is said to be distal (resp. pointwise distal) if the conjugacy 
action of G on G is distal (resp. pointwise distal). 

It can easily be seen that the class of distal groups is closed under com- 
pact extensions. Abelian groups, discrete groups and compact groups are 
obviously distal. Nilpotent groups, connected Lie groups of type R and con- 
nected groups of polynomial growth are distal (cf. [29J) and p-adic Lie groups 
of type R and p-adic Lie groups of polynomial growth are pointwise distal 
(cf. Raja [23] and [23]): pointwise distal groups are called noncontracting in 
Raja [21] and Rosenblatt [29] . 

Clearly, distal actions are pointwise distal but there are pointwise distal 
actions which are not distal (see Jaworski-Raja [19] and Rosenblatt [29] for 
instance). The following types of groups were studied in [21] and [22]. 

A locally compact (resp. discrete) group T is called a generalized FC- 
group (resp. polycyclic) if G has a series r = r D Ti D • • • D T n = {e} of 
closed normal subgroups such that Ti/T i+ i is a compactly generated group 
with relatively compact conjugacy classes (resp. 1^/1^+1 is cyclic) for i = 
0,1,..., ri — 1. Note that polycyclic groups and compactly generated groups 
of polynomial growth are generalized FC-groups. More detailed results on 
generalized FC-groups may be found in [22] . 

Proposition 1 of [22] shows that a generalized FC-group G contains a 
compact normal subgroup K such that G/K is a Lie group. We improve on 
this result and show that if a generalized FC-group G is pointwise distal, then 
it is Lie projective, that is, G has arbitrarily small compact normal subgroups 
Ki such that G/Ki is a Lie group (see Theorem I3.2p . This would enable Lie 
theoretic considerations on generalized FC-groups that are pointwise distal. 

Distal actions of generalized FC-groups were considered in [19], [27] and 
in [31]. We quote some related results: For the action of a polycyclic group 
T on a totally disconnected group and for the action of a generalized FC- 
group on a compact metrizable group, distality and pointwise distality are 
equivalent, (see Corollary 2.4 of [TH] and Theorem 4.1 of |27]). We prove 
this equivalence for actions of generalized FC-groups on any locally compact 
group (Theorem 13 .5 j) . 

We next look at the contraction group of automorphisms. Let Aut(G) 
denote the group of bi-continuous automorphisms of G. For a e Aut(G) and 
for a a-invariant compact subgroup K, we define the F-contraction group of 
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a by 

C K {a) = {geG\ a n (g)K -+ K}. 

The group C{ e }(a) is denoted by C(a) and is called the contraction group of 
a. It is easy to see that C(a) = {e} if the {a n }„ g N-action on G is distal. It is 
an interesting question to look at the converse: if the {a n } n6 N- ac tion on G is 
not distal, is it possible to find ai^e such that a n (x) — > e as n — > oo? Using 
exponential map of Lie groups and results by Abels in [2] , the converse can 
easily be seen to hold for (connected) Lie groups and, it was proved in case 
of totally disconnected groups by Baumgartner and Willis (cf. [3]). Recently 
the converse is also proved in case of compact groups by Jaworski (cf. |18j). 
Here we first establish that an automorphism a is distal (i.e. {a n } ng ^-action 
is distal) if and only if CV(a ±1 ) = K for any a-invariant compact subgroup 
K (see Theorem 14.31) and using the recent result of [IB] on compact groups, 
we prove that {a n }„ e N-action is distal if and only if C(a) = {e}, for any 
automorphism a on a locally compact group (see Corollary 14.131) . Main 
ingredient in the proof of the above results is a decomposition theorem of the 
type C K (a) = C(a)K(see Theorem H3J . 

We further explore properties of distal groups. It can easily be seen that 
pointwise distal groups are unimodular. But obviously the converse need not 
be true as any non-compact semisimple connected Lie group is unimodular 
but it is not pointwise distal. But closed subgroups of pointwise distal groups 
are also pointwise distal and hence, any pointwise distal group has the prop- 
erty that all its closed subgroups are unimodular. We now attempt to see 
how far one could progress in the converse direction. Main result in Section 
5 is Theorem 15.21 which relates pointwise distality, contraction groups and 
unimodularity of closed subgroups. It may also be noted that such class of 
unimodular groups arises in the classification of groups that admit recurrent 
random walks (see [12] for any unexplained notions) and study of contrac- 
tion subgroups on such groups plays a crucial role in [12]. Here, we prove 
that Ck{o) is relatively compact for any inner automorphism a and for any 
compact a-invariant subgroup K of G if and only if closed subgroups of G 
are unimodular (see Theorem 15.21) . 

The following Proposition is useful in reducing the action on general 
groups to that on metrizable groups. 

Proposition 1.1 Let V be a a -compact locally compact group acting on a o- 
compact locally compact group G by automorphisms. Then for each countable 
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collection {U n } of neighborhoods of the identity e in G there exists a T- 
invariant compact normal subgroup L in G such that L C nU n and G/L is 
metrizable with a countable basis for its open sets. 

Proof Consider the semidirect product r x G whose underlying space is the 
product space TxG with binary operation given by (a, x)((3, y) = (a/3, xce(y)) 
for all a, (3 G T and x,y G G. Then r x G is a cr-compact locally compact 
group. Let {U n } be a countable collection of neighborhoods of e in G. Then 
{r x U n } is a countable collection of neighborhoods of the identity in V x G, 
hence by Theorem 8.7 of [IB] we get that there is a compact normal subgroup 
K of T x G such that K C D(r x U n ) and (T X G)/K is metrizable with a 
countable basis for its open sets. 

Let L = G C\ K where G is identified with {e} x G. Then it can easily be 
verified that L is a compact normal subgroup of G such that L C D?7 n . Let 

T x G — > (r x G)/K be the canonical projection. Since .fT is compact, 
V? is a closed map. In particular, <p(G) is a closed subgroup of (T x G)/K, 
hence G/L ~ y?(G). This shows that G/L is metrizable with a countable 
basis for its open sets. 

Since K and G are normal subgroups of V x G, L = G fl X is a normal 
subgroup of T x G and hence L is T- invariant. □ 

2 Actions on Compact Groups 

In this section we discuss actions of semigroups on a compact group. Let 
(X, B, m) be a probability space. The action of a semigroup of measure 
preserving transformations r on X is said to be ergodic if for any T-invariant 
set B G B, we have m(B) = or 1. For a compact group K and T C 
Aut(K), the T-action on the homogeneous space K/H for any closed T- 
invariant subgroup H, ergodicity is defined with respect to the .fT-invariant 
probability measure on K/H. 

Throughout this section, let K denote a compact group and let Y denote 
a topological semigroup acting (continuously) on K by automorphisms. 

The following is a generalization of Proposition 2.1 of [27J to not nec- 
essarily metrizable groups for semigroup actions. Also, note that the proof 
given here is different and somewhat simpler. 

Proposition 2.1 There exists a unique minimal closed (resp. closed normal) 
r -invariant subgroup C (resp. Gi) of K such that the V -action on K/C (resp. 
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K/Ci) is distal. Moreover, the V -action on C (resp. C\) is ergodic and 
CcCi. 

Moreover, if K is metrizable, then C is normal in K and C is also the 
largest closed V -invariant subgroup such that the Y -action on C is ergodic. 

Proof Without loss of any generality, we may assume that V C Aut(iT). 
Let /C be the set of compact subgroups L of K such that the T-action on 
K/L is distal. Here K. is nonempty as K G L. Let C = C\{L | L G K.}. Then 
C is a compact T-invariant subgroup. Now we show that T acts distally on 
K/C, i.e. C G JC. Let xC G K/C. Suppose C belongs to the closure of 
{ , y(x)C | 7 G T} in K/C. Then for every L G /C, since C C L, we have that 
L belongs to the closure of { , y(x)L | 7 G T} in i^/L and since the T-action 
on K/L is distal, x G L, and hence 2 G C. Therefore, the T-action on K/C 
is distal. 

Now we show that the T-action on C is ergodic. Suppose tt is an irre- 
ducible unitary representation of C such that 7Tr = {n o 7 | 7 G T} is finite 
up to unitary equivalence. Then there exist 71, . . . , j n G T such that for any 
7 G T, 7r o 7 is unitarily equivalent to 7r o 7^ for some z. This implies that 
the finite-dimensional unitary representation fr = ©7r o 7^ is T- invariant. Let 
C = Ker(7r) and let n be the dimension of tt. Suppose ^ d (x)C —> C in 
C/C for some x G C. Then 7f(7d(x)) — > I n where /„ is the trivial operator 
on C™. Since n is T-invariant, n o ^ d = u^ftUd for some Ud G U n (C), hence 

n{ld{x)) = u d 1 Tx(x)u d ->> I n - 

Since Z7 n (C) is compact, we get that tt(x) = I n , that is x G Ker(7r) = C. 
This shows that the T-action on C/C is distal. Since the T-action on K/C is 
distal, it easily follows that the T-action on K/C is also distal. This proves 
that C G /C, hence the minimality of C in K, implies that C = C. Thus, tt 
is the trivial unitary representation of C. Now it follows from Theorem 2.1 
of jl] that the T-action on C is ergodic. 

Now we want to show the existence of a unique minimal closed normal 
T-invariant subgroup C\ such that the T-action on Kj C\ is distal and the In- 
action on C\ is ergodic. Take Ti = T.lnn(K). This is a closed subsemigroup 
of Aut(K) as lnn(K) is a normal compact subgroup of Aut(K). Then from 
above we get that there exists a unique minimal closed Ti-invariant subgroup 
C\ of K such that the Traction on K/C\ is distal and the Traction on C\ 
is ergodic. Here, C\ is normal in K as Inn(i^) C T\. Also, T acts distally on 
K/C\. Moreover, any T- invariant normal subgroup is also Ti-invariant and 
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hence C\ is the unique minimal closed normal T-invariant group such that V 
acts distally on G/C\. It is easy to verify that for any inner automorphism 
a defined by x G K, tt o a is unitarily equivalent to 7T, where equivalence 
is given by ir(x). This implies that the T-action on C\ is ergodic (see also 
Lemma 2.4 of [27]). Also, the group C as above is contained in C\. 

Now suppose K is metrizable. Then there exits a dense T-orbit in C\. 
This implies that there exists a dense T-orbit in C\/C. But since the T-action 
on Ci/C is distal, we have that C\ = C and hence C is normal. Let C2 be 
a T-invariant subgroup of K such that the T-action on C2 is ergodic. We 
need to show that C2 C C. Then the T-action on C2C/C is also ergodic and 
hence it has a dense T-orbit. But the T-action on K/C is distal and hence 
C 2 CC. This completes the proof. □ 

Remark 2.2 1. As we assume that T is a semigroup contained in Aut(iT), 
let [r] be the subgroup generated by V in Aut(K), From Theorem 1 of [10J, 
it is obvious that the T-action on K is distal if and only if the [r]-action on 
K is distal (see also the proof of Theorem 3.1 in [28]). By Theorem 2.1 of 
[I], the same statement holds for ergodic actions on a compact group. In 
this case we get in Proposition 12. II that the T-action on K/C (resp. on C) is 
distal (resp. ergodic) iff the [r]-action on K/C (resp. on C) is distal (resp. 
ergodic). 

2. If T (and hence [r]) is compactly generated then metrizability of K is 
not essential in the second assertion because in this case, by Proposition ll.il 
we get that K has arbitrarily small compact normal T-invariant subgroups 
Kd such that K/ K& is metrizable and we can argue as above for the T-action 
on each Kj Kd and get the desired assertion for K . □ 

Corollary 2.3 Let K be a compact metrizable group, Y C Aut(iT) be a 
semigroup and let L be a T -invariant closed subgroup of K . Then the Y -action 
on K/L is distal if and only if the Y -action is not ergodic on H/C , for any 
pair of compact Y -invariant subgroups C and H of K such that L C C C H 
and C ^ H. 

Proof Suppose there exist T-invariant subgroups H and C with L C C C 
H and C 7^ H such that the T-action on H/C is ergodic. Then as K is 
metrizable, so is H/C and hence there exists a dense T-orbit in H/C, (see 
Theorem 5.6 of [32] for single transformation and the proof works for any 
semigroup action also). This in turn implies that the T-action on H/C ~ 
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(H/L)/(C/L) is not distal. Since any factor action of a distal action is distal, 
the T-action is not distal on H/L, hence on K/L (cf. [ID])- We now prove 
the converse. Suppose the T-action on K/L is not distal. By Proposition 
I2.1[ there exists a closed normal T-invariant subgroup H' of K such that the 
T-action on H' is ergodic and it is distal on K/H' . Let H = H'L and C = L. 
Then the T-action on H/C ~ H'/H' PI L is ergodic. Here H ^ C, otherwise, 
H' C L and since the T-action on K/H' is distal, the T-action on K/L is 
also distal, a contradiction to our assumption. This completes the proof. □ 

We say that (T, K) satisfies DCC {descending chain condition) if for each 
sequence {K n } ne fq of compact T-invariant subgroups of K such that K n D 
K n+ i, neN, there exists %GN such that K n = K no for all n > n . 

The following proposition may be proved along the lines of Theorem 3.15 
of [20] but here we give a simpler proof using Proposition 12.11 

Lemma 2.4 Suppose T is a group of automorphisms of a compact metrizable 
group K such that (T, K) satisfies DCC. Then there exists a compact normal 
r -invariant subgroup C of K such that K/C is a real Lie group, the T -action 
on K/C is distal and the T -action on C is ergodic. 

Proof From Proposition I2.1[ there exists a compact normal T-invariant 
subgroup C such that the T-action on K/C is distal and the T-action on C 
is ergodic. It is easy to verify that (T,K/C) also satisfies DCC. Hence it is 
enough to prove that if the T-action on K is distal and (r, K) satisfies DCC, 
then K is a Lie group. 

Since hm.(K) is a compact normal subgroup of Aut(if), T.l\m{K) also 
acts distally on K. Note that if (r, K) satisfies DCC, so does (r.Inn(ii'), K). 
Hence we may also assume that V = r.Inn(f^). Note that since K is a 
metric group and the action of T is distal, it is not ergodic on any nontrivial 
subgroup of K (see Corollary 12.31 or see [26]). 

Suppose K is not a real Lie group. By Theorem 2.1 of [1], there exists 
a non-trivial finite-dimensional unitary representation it of K such that 7r 
is T- invariant (see also [27]). Let K\ = Ker(7r). Then Ki ^ K is a T- 
invariant compact normal subgroup of K such that K/ K\ is a real Lie group 
as 7r defines an injection of K/K\ into a finite-dimensional unitary group. 
Proceeding this way we obtain a strictly decreasing sequence {K n } of T- 
invariant closed (normal) subgroups of K such that Kq = K. This is a 
contradiction to the hypothesis that (r, K) satisfies DCC. Hence K is a real 
Lie group. □ 
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Lemma 2.5 Suppose T is a subgroup ofAut(K) and there exists a V -invariant 
compact normal subgroup C in K such that K/C is a Lie group. Suppose 
also that 7 G hut(K) is such that 7 normalizes V and {7 n } ra gz acts distally 
on K . Then there exists a compact normal V -invariant subgroup C C C 
such that 7(C) = C and K/C is a Lie group. In particular C is invariant 
under the group generated by 7 and Y . 

Proof Let C = fl ng z7 n (C). It is clearly 7-invariant and normal in K. 
Moreover, for any 7' G T, for each n, let 7 n = ^~ n ^'^ n then 7„ G V and 
Y( 7 »(C9) = 7 n (7n(C)) = 7 n (C). Hence i{C) = C . 

Let G = Kj C. Then G is a Lie group and we define a map : K/C' — > G z 
as follows: 0(g) = (g n ) n£ z, where g n = 7 n (g)C G G. It is easy to see that 
is a continuous bijective homomorphism from K/C' onto 4>(K/C) C G z , 
and 007 = ao0, where a denotes the shift map on G z . Here, ({a n } n ez, G z ) 
satisfies DCC (cf. [20]). Now since {7™}nez acts distally on K, it also acts 
distally on K/C' (cf. [28], Theorem 3.1). Now by Lemma E2fl if/C is a Lie 
group. □ 

Proposition 2.6 Suppose T is a generalized FC -group and its action on K 
is pointwise distal. Then there exist compact normal T -invariant subgroups 
Kd of K such that (IdK^ = {e} and each K/K^ is a Lie group. 

Proof Let n : T — > Aut(-fT) be the natural map. Then 7r(r) is isomorphic 
to r/ker7r where ker7r = {7 G T | 'j(k) = k for all k G K} is a closed 
normal subgroup of T. Therefore, r/ker7r, and hence vr(r), is a generalized 
FC-group. Also, any 7r(r)-invariant group is T-invariant. Without loss of 
any generality we may assume that T C Aut(i^). Moreover, since lnn(K) is 
a compact normal subgroup of Aut(i^), r.Inn(i^) is also a generalized FC- 
group. Hence we may also assume that T = r.Inn(f^). Then T = Inn(f^°), 
the group of inner automorphisms of K°. In particular, T is compact. There 
exists a compact normal subgroup L in T such that T/L is discrete and it 
has a polycyclic subgroup of finite index (see Proposition 2.8 of [IS]). In 
particular, T/L is finitely generated. Let F = {7^ G T \ i = l,...,n} 
be such that the followings hold: T is generated by L and F, there exist 
L = r C . . . C T n = T, each Tj is a normal subgroup of T and it is 
generated by ji and Ti-x, 1 < i < n. 

Here, L k K is compact and hence Lie projective and there exist compact 
normal subgroups Hd in L k K such that DdHd = {e} and each (L x K)/Hd 
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is a Lie group. Let Cd = K D H^. Then each Cd is a L-invariant normal 
subgroup in K, each K/Cd is a Lie group and C\ d Cd = {e}. Applying Lemma 
12.51 successively for Tj and ji+i, < i < n — 1, we get that there exist 
compact normal T- invariant subgroups C such that K/Kd is a Lie 
group. Clearly (l d K d = {e}. □ 



3 Distal and Pointwise Distal Groups 

In this section we compare distality and pointwise distality of certain actions. 
We know from Rosenblatt [29J that distality, pointwise distality and polyno- 
mial growth are all equivalent properties for a connected Lie group. This is 
not true in general as there are abelian extensions of compact groups that 
are pointwise distal but not distal (see Example 2.5 of [19]). There are also 
examples for Z-extensions of compact groups which are not poinwise distal. 
Our first result generalizes the result of Rosenblatt [29] mentioned above. 

Theorem 3.1 LetG be a compactly generated locally compact group of poly- 
nomial growth. Then G has a compact normal subgroup C such that G/C is 
distal and the conjugacy action of G on C is ergodic. 

Proof We first assume that G is Lie group such that G° has no nontrivial 
compact normal subgroup. Since G/G° is discrete, it is enough if we show 
that the conjugacy action of G on G° is distal. For each g e G, let a g denote 
the automorphism of G° defined by the conjugation action of g restricted to 
G° and let da g denote the corresponding Lie algebra automorphism of the 
Lie algebra Q of G°. Since G° has no nontrivial compact normal subgroup, 
Theorem 1 of [21] implies that the eigenvalue of da g are of absolute value 1. 
Hence by Theorem 1 of [I] and Theorem 1.1 of [2], the conjugacy action of 
G on G° is distal. 

Suppose G is not a Lie group. Then G has a maximal compact normal 
subgroup K such that G/K is a Lie group (see [2"T]). Since (G/K)° has 
no nontrivial compact normal subgroup, from above, G/K is distal. By 
Proposition 12. II and Remark 12.21 (2). we have that K has a maximal compact 
G-invariant (normal) subgroup C such that conjugacy action of G on K/C 
and hence, on G/C is distal and the conjugacy action of G on C is ergodic. 
□ 
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We know that distal groups are pointwise distal and we also know that 
the converse is not true (see for instance, Example 2.5 of [19J). As noted 
above, pointwise distal Lie groups are distal. We now compare distality and 
pointwise distality of a particular class of locally compact groups. 

Theorem 3.2 Let G be a generalized FC -group. Suppose G is pointwise- 
distal. Then G is Lie projective. Moreover, G is distal. 

Proof It is easy to see from Theorem 3.1 of [28J and Theorem 9 of |29j that 
any Lie projective pointwise distal group is distal. Thus, it is sufficient to 
prove that any pointwise distal generalized FC-group is Lie projective. 

Suppose G is a generalized FC-group. Then there exists a maximal 
compact normal subgroup K in G such that G/K is a Lie group (cf. [22]). 
Since the conjugacy action of G on K is pointwise distal, by Proposition 12.61 
there exist closed normal subgroups Kd of K invariant under the conjugacy 
action of G such that each K/K d is a Lie group and fl^F^ = {e}. That is, 
each Kd is normal in G and since G/K = (G/Kd)/(K/Kd), where G/K and 
K/Kd are Lie groups, we get that G/Kd is a Lie group for every d. This 
shows that G is Lie projective. □ 

Since any compactly generated locally compact group of polynomial growth 
is a generalized FC-group (see [22J) we have the following: 

Corollary 3.3 Let G be a compactly generated locally compact pointwise- 
distal group of polynomial growth. Then G is Lie projective. Moreover, G is 
distal. 

Remark 3.4 From Theorem 13. II and Corollary 13 .3[ it follows that any com- 
pactly generated locally compact group of polynomial growth has a compact 
normal subgroup C such that G/C is distal and Lie projective and the con- 
jugacy action of G on C is ergodic. □ 

We next compare distality and pointwise distality of an action of a gener- 
alized FC-group on a locally compact group. Note that it is proved in case 
of metrizable compact groups in j26] by a different method. 

Theorem 3.5 Let G be a locally compact group and let T be a generalized 
FC -group acting on G by automorphisms. Then the T -action on G is distal 
if and only if the T -action on G is pointwise distal. 
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Proof One way implication "only if" is obvious. Now suppose the T-action 
on G is pointwise distal. Let G° be the connected component of the identity 
in G. Then there is a maximal compact normal subgroup K of G° such that 
G°/K is a Lie group. Since K is maximal, K is characteristic in G and hence 
T-invariant. Since the T-action on K is pointwise distal. By Lemma [2.6[ K 
has compact normal T- invariant subgroups Kj, such that (IK^ = {e} and 
K/Kd is a Lie group. Since the G°-action on K is by inner automorphisms 
of K, each is normal in G° and hence G°/Kd is a Lie group. By Theorem 
3.1 of [28], the T-action on each G°/Kd is pointwise distal and hence, it is 
distal by Theorem 1.1 of [2]. Since this is true for each d and Hd-fQ = {e}, 
we get that the T-action on G° is distal. Now it is enough to prove that 
the T-action on G/G° is distal. We know that the T-action on G/G° is 
pointwise distal by Theorem 3.3 of [28]. Hence we may assume that G is 
a totally disconnected group. Since the connected component T of V acts 
trivially on G and T /T° is also a generalised FC-group and its action on G 
is pointwise distal, we may assume that T is totally disconnected. By [22], T 
contains a compact normal subgroup L such that V/L is a Lie group. Since 
T, and hence, V/L is also totally disconnected, V/L is discrete. As V/L is a 
discrete generalized FC-group, V/L has a polycyclic subgroup of finite index 
(cf. |22j), Hence by Lemma 2.3 of [19] (which is also valid for any non-metric 
group by [17] . see also [H]), we get that the T-action of G is distal. This 
completes the proof. □ 

4 Distality and Contraction Groups 

In this section we get a necessary and sufficient condition for distality of an 
automorphism of a locally compact group in terms of its contraction group. 
Let a G Aut(G). We recall that a is distal on G if the {a n } ne z-action on G 
is distal. 

Recall that for an a-invariant subgroup K of G, the F-contraction group 
of a is defined as Ck(oc) = {x G G \ a n (x)K — > K as n — > oo} and we 
denote C{ e }(a) by C(a) which is known as the contraction group of a. 

It is evident that for any automorphism a, if the {a n } ne N-action is distal, 
then C(a) is trivial. We prove the converse in this section. Recently, the 
converse has been proved in case of compact groups (cf. |18j). We first note 
the converse for (connected) Lie groups. 
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Proposition 4.1 Let G be a real Lie group and let a G Aut(G). Then 
C(a) = {e} if and only if the {a™ \ n G N} -action on G is distal. In 
particular, a is distal on G if and only if C(a ±:L ) = {e}. 

Proof Suppose C(a) = {e}. Since G/G° is discrete, the {a n \ n e fr- 
action on G/G° is distal. Hence we may assume that G is a connected Lie 
group. Let Q be Lie algebra of G and da be the differential of a on Q. We 
first consider the case when G is a compact connected abelian group. Since 
C{a) = {e}, eigenvalues of da are all of absolute value greater than or equal 
to one. Since G is a compact abelian Lie group, |det (da)| = 1. This implies 
that eigenvalues of da are of absolute value one. Thus, a is distal on G (cf. 
PQ and 0). 

Now assume that G is any connected real Lie group. Then there are two 
a-invariant subspaces V\ and V such that Q = V\® V , V\ = C( da" 1 ) is the 
Lie algebra of C(a _1 ) and da restricted to V has eigenvalues of absolute 
value one (see Proposition 3.2.6 of [15]). Since Q — V\ © Vo, V\ is an ideal 
in Q (see Proposition 3.2.6 of [15J). Let H = C^a^ 1 ). Then if is a closed 
connected nilpotent a-invariant normal subgroup of G. Since eigenvalues of 
da are of absolute value one on Q jV\ ~ Vo, eigenvalues of da on the Lie 
algebra of G/H (which is a factor of Vo) are of absolute value one. This 
implies that a is distal on G/H (cf. [1] and [2]). So, it is sufficient to prove 
that the {a n \ n G N}-action on H is distal. Let K be the maximal central 
torus in H. Then K is a-invariant and C{a~ 1 )K is dense in H/K which is 
a simply connected nilpotent Lie group. This implies that H = C(a~ l )K. 
Since C(a) = {e}, it follows from the first case that a is distal on K. So, it 
is sufficient to prove that the {a n | n G N}-action is distal on H/K. Since 
H = C(a~ r )K, H/K is a simply connected nilpotent Lie group such that 
a~ n (x) — > e as n — > oo for all x G H/K. Let V be the Lie algebra of H/K 
and (5 G GL(V) be the differential of a on H/K. Since H/K is a simply 
connected nilpotent Lie group, exponential is a diffeomorphism of V onto 
H/K. So it is sufficient to prove that the {(3 n \ n G N}-action on V is distal. 
Since a~ n (x) — > e as n — > oo for all x G H/K, (3~ n (v) — > as n — > oo for all 
v G V. This implies that — > as n — > oo. Now for any v G V, 

ih < (\\r n \\w n (v)\\) 

for all n G N. This implies that the {(3 n \ n G N}-action on V is distal. □ 

Before we proceed to consider the general case, we first look at following 
particular cases. 
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Proposition 4.2 Suppose G is a closed subgroup of a linear group GL(n, F) 
over a local field ¥ or G is a real Lie group. Then the following are equivalent: 

(1) C(a) = {e} for any inner automorphism a of G; 

(2) G is pointwise distal; 

(3) G is distal. 

In addition if G is compactly generated and¥ is non-archimedian, then (1)- 
(3) are equivalent to 

(4) G contains arbitrarily small compact open invariant subgroups. 

Proof It is clear that for any locally compact group G, (4) =>■ (3) =>■ (2) =>■ 

(1) . Thus, to prove (l)-(3) are equivalent, it is sufficient to prove that (1) =>■ 
(3). If F is an archimedian local field, then closed subgroups of GL(n, F) are 
real Lie groups. Thus, it is sufficient to consider the case of real Lie groups 
and the case of closed subgroups of GL(n,¥) when F is a non-archimedian 
local field. Assume that G is a real Lie group. Then equivalent of (1) and 

(2) follows from Proposition 14.11 and equivalence of (2) and (3) follows from 
Theorem 1.2 of 0. 

We now assume that F is non-archimedian and G is a closed subgroup of 
GL(n,¥). Then G is a totally disconnected group, hence (1) =>■ (2) follows 
from Proposition 2.1 of [19] . We now prove that (2) =>■ (3). Assume that 
G is pointwise distal. Let $: G — > M(n,¥) be such that = g — I for 
all g G G. Then $ is a homeomorphism of G onto 3>(G) endowed with the 
topology induced from M(n, ¥). Let V be the smallest subspace of M(n, F) 
such that V fl $(GQ is a neighborhood of in <&(G). We now claim that for 
any g G G, V is (^-invariant and (g m vg~ m ) rn( zz is relatively compact for all 
v £ V. Let g G G. Since F is non-archimedean, G is a totally disconnected 
locally compact group. Then by Proposition 2.1 of [19], there is a basis 
of compact open subgroups {K{\ at e in G such that gKig~ l = Ki for all 
i > 1. Since V fl is a neighborhood of in there exists a % such 

that C V. Let W be the subspace of V spanned by Then 

^(ifi) C iy n is a neighborhood of in ®(G). Since V" is the smallest 
such subspace V = W. For any v G g m vg~ m G for all m G Z 

and hence {g m vg~ m ) rn( zz is relatively compact as is compact in V. 

Since V = W is spanned by we get that {g m vg~ m ) m ^i is relatively 
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compact for all v G V. Since g^^K^g^ 1 = ^(gKig^ 1 ) = $(ifi) and W = V 
is spanned by gVg' 1 = V. Thus, V is G-invariant and {g m vg~ m ) mG z 

is relatively compact for any g G G and u e V. 

Let £ G G be such that g m xg^ — >■ e. Then g m vg~} — >■ in $(G) for t> = 
$(x). Since ^n$(G) is a neighborhood of in $(G), g m vg^ G V r n$(G) C V 
for large m. Since V is G-invariant, we get that v G V". 

Let \&: G ->■ GL(V) be such that V(g)(w) = gwg~ x for all p G G and 
for all w G V. Then Lemma 3.2 of [12] implies that there exist a compact 
subgroup if and a unipotent subgroup £/ of GL(V) such that if normalizes 
U and ^(G) (Z K kU . Now \£(<7 m )(i;) = g m vg^ -» 0. Since if is compact, 
is a limit point of U(v). Since £/ is a unipotent group, by Kolchin's Theorem 
there exists a flag = Vo C • ■ ■ C K = ^ of [/-invariant subspaces of V, 
that is, dimension of each Vi is i. This implies that U is trivial on K/^-i 
for 1 < i < n. Considering the action of U on V/V n -i and using is a limit 
point of U(v), we get that v G V n -\. Proceeding this way one can show that 
v — 0. This implies that x — I. This proves (3). 

In addition if G is compactly generated, then the statement that (1) 
implies (4) follows from Lemma 3.2 of [12] . □ 

Theorem 4.3 Let G be a locally compact group and a G Aut(G). Then the 
following are equivalent: 

(1) a is distal; 

(2) for any ot-invariant compact subgroup L of G, Cii^ 1 ) = L. 

We first prove a decomposition theorem for contraction groups, under 
certain conditions. Note that in a locally compact group G, there exists a 
unique maximal compact normal subgroup in G° and it is characteristic in 
G. 

Theorem 4.4 Let G be a locally compact group and let a G Aut(G). Then 
Cl{ol) = C(a)L for any a-invariant compact subgroup L of G if any one of 
the following conditions is satisfied: 

1. G° is a Lie group. 

2. For the maximal compact normal subgroup K ofG°, the {a n } ne ?q- action 
on K is distal. 
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The above decomposition theorem generalizes results for (connected) Lie 
groups (cf. [14J) and for totally disconnected groups (cf. [3J, [TZ]) as these 
groups satisfy condition (1) above. However, it is not true for all compact 
groups if the automorphism is not distal; see [18] for a counter example. 

Towards the proof of the theorem, we prove following preliminary results. 

Proposition 4.5 Let G be a connected locally compact group, a G Aut(G) 
and let K be the maximal compact normal subgroup of G. Suppose the 
{a n } n( z^- action on K is distal. Then C(a) is closed and for any compact 
a-invariant subgroup L of G, Cl(oj) = L X C(a). 

Proof We know that G/K is a Lie group without any compact cental sub- 
group of positive dimension. Let a' be the automorphism on G/K induced by 
a which is defined as a'(xK) = a(x)K for all x G G. Then C(a') is closed in 
G/K and it is a simply connected nilpotent group (cf. |9J). Therefore, C^(a) 
is closed in G. Since the {a n }„ g N-action, and hence, the {a n }„ e ^-action on 
K is distal, C(a) D K is trivial. 

We first assume that G is a Lie group. Then Ck(ck) = KC(a), (cf. [14J, 
Theorem 2.4). Then C(a) C Ck{ol) as the latter group is closed. Moreover, 
C(a) is a closed connected nilpotent Lie subgroup; let H denote the maximal 
compact (central) subgroup of it. Then a(H) = H and it is normal in Ck(oc). 
Moreover, since Ck{oc)/K = C(a') is simply connected and nilpotent, it has 
no non-trivial compact subgroups and hence H C K. Now take A = {xt}teu. 
be a one-parameter subgroup in C(a). Then either A is closed in G or its 
closure A is compact (cf. [13]); in the latter case it is contained in H, but since 
C(a) nH C C(a) HK — {e}, x t = e for all t G R and hence {x t } t€ M. is closed. 
This implies that C(a) itself is closed (cf. [32]). Moreover, since C(a) is a 
closed simply connected nilpotent group, it does not contain any non-trivial 
compact subgroup, we have C(a) fl L = and hence Cx(a) = L x C(pt). 

Suppose G is a connected (not necessarily Lie) group. Since the action of 
T = {a n } n £z K lnn(K) on K is distal, there exist T-invariant compact normal 
subgroups Ki of K such that PljiQ = {e} and K/Ki are Lie groups (see 
Proposition 12.61) . Since G is connected and K is a compact normal subgroup 
of G, the action of G on K is by inner automorphisms of K. This implies that 
Ki's are normal in G. Since G/K and K/Ki are real Lie groups, G/K^s are 
connected real Lie groups. From above, CkX 01 ) is closed for each i. It follows 
from Theorem 2.4 of [2] that for each i, Clk^o) = C^(a;)L, which in turn 
is closed. Moreover, it is easy to see that since DjiCj = {e}. C(at) = HiC^a:) 
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and Cl{o) = rijC^^a). Hence C(a) is closed and Cl{o) = C(a)L. Now 
we have from above that (C(a)Ki/ Kf) n {LKijKf) = {K^} in GjK^. Hence 
C[a) H L = {e}. Therefore, Cl{ol) = L x C(a). In particular, since if is 
normal in G, we get that Ck{ol) = K x C(a). □ 

Lemma 4.6 Let G be a locally compact group and a G Aut(G). Suppose 
there is a directed family {Ki} ie j of compact a-invariant subgroups such that 
HiKi = {e} and Ki C Kj for i > j. Then for any a-invariant compact 
subgroup L of G such that Cl(ck) C C^(q;)L and Cx^ol) H L C Ki for all 
i <E I, we have Cl{ol) = C(a)L. 

Proof Let g G C^a). Then g = x,-^ for X; L G CkX°) an d a i e L. Passing 
to a subnet, we may assume that — > a in L and hence — >■ x for some 
x G G. Therefore we have that g = xa. We now claim that x G C(a) which 
would complete the proof. 

Let U be a neighborhood of e in G. Then there is a neighborhood V of 
e in G such that VV C £7. Since Djifj = {e}, there is a j G / such that 
-fTj C V. For i > j , Ki C Kj and XjOj — g — XjOj, hence Cj^(a) C C^.(o;) 
and x~ x Xi = a^a" 1 G (^.(a^CW^a:) fl L C CW^a) (~) L C Kj. This implies 
that = for some 6j G for all i > j. 

Since Kj C V, there is a ^ such that a n (xj) G V for all n > N. This 
implies for i > j, that a n (xi) = a n (xj)a n (bi) G Vifj C VV for all n > N. 
Since Xj — >■ x, a n (x) G VV C £/ for all n > N. Therefore, a n (x) — > e and 
x G C(a). □ 

Lemma 4.7 Zet G be a locally compact group such that G° is a Lie group 
and let a G Aut(G). Then there exists an open almost connected subgroup 
H in G such that H = C x G° , where C is a compact totally disconnected 
subgroup contained in Z(G°) and the following holds: If c G C is such that 
a(c) G H , then a(c) G C. 

Proof Since G° is a Lie group, there exists a neighborhood V of the identity 
e in G such that V H G° does not contain any nontrivial subgroup. For 
a G Aut(Cr), choose a neighborhood U of e in G such that Ua(U) C V. Let 
M be an open almost connected subgroup in G. Then M is Lie projective 
and it has a compact normal subgroup C contained in U such that M/C 
is a Lie group. Therefore, CG° is open and we take H = CG°. Moreover, 
C D G° C C/ n G° C V n G°, and hence CnG° = {e}. This implies that C is 
totally disconnected and H = C x G°, hence C C Z(G°). Let c G C be such 
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that a(c) G H . Then a(c) = C\g\ = g\C\ for some c\ G C and g% G G°. Then 
9l = c^a(c) = a(c)q 1 G Ca(C) fi G°. Also, <tf = q n a(c") G Ca(C) n G°. 
Hence gi generates a compact group in Ca(C) fl G° which is contained in 
Ua{U) H Cr°. Hence #i = e, i.e. a(c) — C\ G C. This completes the proof. □ 

Proposition 4.8 Let G be a locally compact group and let K be the maximal 
compact normal subgroup of G° . Let a G Aut(G). Then C G o(a) = Ck(o>)G° , 
where C G o(a) = {x G G \ a n (x)G° -> G° mG/G }. Moreover, if G° is a 
Lie group, then Cao(a) = C(a)G°. 

Proof We know that K is characteristic in G and G°/K has no non-trivial 
compact normal subgroup hence it is a Lie group. Also Ck{ol)/ K is the same 
as C(a'), where a' G Aut(G/K) is the automorphism induced by a. Hence it 
is enough to assume that G° is a Lie group and prove that Cco(a) C C(a)G° 
as this would imply both the assertions in the statement. Let x G Cco(ct). 
Then ^"(a;)^ -»■ G° in G/G° as n -»■ oo. Let if = C x G° be an open 
subgroup in G as in Lemma [4.71 There exists iV G N such that G 
for all n > N. Let y G if be such that y = ^(x). Then y G Cgo(q;) 
and a n (y) G if for all n. Then y = eg = gc for c G C and g G G°. 
Then a n (y) = a n (c)a"(gr) = a n (g)a n (c) G if. Since G° is a-invariant, 
a™(c) G H and hence a n (c) G C. Moreover, as a n (y)G° — > G°, we have 
that a n (c)G° — > G° and hence a n (c) — >■ e as C fl G° = {e}. In particular, 
c G C(a) and y = eg £ C(a)G°. Now x = a _Ar (?/) G C(a)G°. This completes 
the proof. □ 

We also need the following simple result on compact groups which may 
be known. 

Lemma 4.9 Let C be a compact group and let K be a closed normal subgroup 
of C . Suppose K' is a closed normal subgroup of K such that K/K' is a Lie 
group. Then for L = r\ c& ccK' c" 1 , K/L is a Lie group. 

Proof Since C is compact, it is Lie projective. Let {Cd} be the collection of 
closed normal subgroups of C such that C /Cd are Lie groups and fl^Cd = {e}. 
Then C' d = KDCd is normal in C and K/C' d are Lie groups. Since r\dC' d = {e} 
and K/K' is a Lie group, we get that C' d C K' for some d. This implies that 
C' d C L, hence K/L is a Lie group. □ 

Proof of Theorem 14.41 Let G, a and L be as in the hypothesis. We also 
know that Cjjqo(o) = Cco(a)L from the result on the totally disconnected 
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group G/G° (see Theorem 3.8 of [3] which is valid for non-metrizable groups 
by [32]). If G° is a Lie group, from Proposition I4.8[ C G o(a) = C(a)G°, hence 
C L (a) = C(a)(C L (a) n G°)L = C(a)(C LnG o(a) n G°)L = C(a)L from the 
result on Lie groups. 

Now let K be the maximal compact normal subgroup of (7° and assume 
that the {a n } n£ fq- action on K is distal. Using C G o(a) = Ck{o)G° from 
Proposition 14. 8} we get that Cx(a) C Ck(o:)G L and hence, 

CiWH^n^a))!. (1) 

Now suppose 

C K {oc) = C{oc)K. (2) 
Also, since the {a^jngN-action on K is distal, from Proposition 14.51 

C L (o) n G° = ((7(a) n n G°) C <7(a)L. (3) 

Hence using (J2J, ©, as K C G°, © gives 

C L (a) = {C{a)G° n C L (a))L = C(a)(G° n C L (a))L = <7(a)L. 

Thus, we only need to prove (j2J). 

If G° is Lie group, then from above Cx(a) = C(a)X. Now we assume 
that G is any locally compact group. Since G°/K is a Lie group, by Lemma 
14.71 there exist an open subgroup H in G containing K and a compact totally 
disconnected subgroup G\ of H/K such that if/if = C\ X (G°/K) and if 
c £ Ci with a'(c) G H/K, then a'(c) G (7i where a' is the automorphism 
induced by a on G/K. Let (7 be the compact subgroup of G containing K 
such that C/K = C%. If c G (7 is such that a(c) G if, then from above, we 
have that a(c) G (7. 

Let x G (7x(a). As H is open and K C H, there exists such that 
a n (x) G ii, for all n > N. Hence for y = a N (x) G H, a n (y) G H for all 
n G N. It is enough to show that y G C(a)K as x = a _Ar (?/) and (7(a)i\~ 
is a- invariant. Here y = eg where c G (7 and g £ G°. Now a n (y) = 
a n (c)a n (g) G ii. Therefore, a n (c) G ii as (7° is a-invariant. Now from 
above, a n (c) G (7, for all n. Hence a n (y)K = a n (c)Ka n (g)K K in 
<7/ii~. Since F/iiT = Ci x (G°/K), we get that a n (c)if ->■ in d = C/if 
and a n (g)K — > K in G°/K. Now we have y = eg, c G (7 fl (7/<(a) and 
g E G° f] C K (a) = ((7(a) n <7°)i\" by Proposition H31 Replacing y by yg -1 , 
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we may assume that y G C fl Ck(cx) such that a n (y) G C for all n G N and 
K C C and C/K is totally disconnected and compact. 

We first suppose that G is second countable. Since the {a m } me N-action 
on K is distal, we choose K n to be a-invariant compact normal subgroups of 
K, K n+ i C K n and K/K n is a Lie group for all n, n n K n = {e}. Moreover, 
since the conjugacy action of G° on K is by inner automorphisms of K, 
each K n is normal in G°. Let C" be the smallest closed subgroup of C such 
that K C C", y G C" and a n (?/) G C" for all n G N. By Lemma SH 
L n = ^cec'cKnC' 1 is normal in C" and K/L n is a Lie group. Moreover, 
as above, since L n are normal in K, they are normal in G° and hence each 
G°/L n is a Lie group. Also, since a(C") C C", it is easy to see that 

L n c a(L n ) = r\ ce c"Oi(c)K n a(c~ 1 ). 

Hence a~ m (L n ) C L„ for all m G N. Note that the distality of the {a m } me N- 
action on K is equivalent to the statement that the closure of {a m } m £N m K K 
is a group (see [TU] , Theorem 1 which is for group actions and it can easily be 
seen that the same proof works for semigroup actions). In particular, we have 
that {a~ m } me N-action on K is also distal and there exists {k m } C N such 
that a~ hm — > a in K K . This implies that a(L n ) C L n , i.e. L n is a-invariant. 
Thus L n is also normalized by a~ n (y), n G N. Let N(L n ) be the normalizer 
of L n in G and = DiV(L n ). Then since L n 's are normalized by G° and y, 
G° G N and y £ N. Since L n is a-invariant, N(L n ) is a-invariant, hence iV 
is a- invariant. Since G° C iV, the connected component, say iV° of iV is G°. 
Also, we have N°/L n = G°/L n are Lie groups for all n > 1 and j/GJV. Now 
the result follows from the previous case and Lemma 14.61 

Now suppose that G is not second countable. Let x G Cl(o). We need to 
show that x G C(a)L. Let H be the closed subgroup generated by G°L and 
{a n (x)} ne z in G. Then if is a-invariant a-compact group. Replacing G by 
H, we may assume that G itself is a-compact. By Proposition II. 1[ G contains 
arbitrarily small compact normal a-invariant subgroups Ka such that G/Kd 
is second countable. Now from above, we have that Cc(a) C CV d (a)C for any 
compact a-invariant subgroup C. Hence from Lemma |4T^| C^a) = C(a)L. 

□ 

Combining our result Theorem 14.41 with Proposition 10 of [17] , we obtain 
the next result generalizing the main result in [18] but as following example 
shows the converse part of the main result in (18] need not be true for locally 
compact groups which could also be inferred from Theorem 14.41 
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Example 4.10 Let T = {z G C | \z\ = 1}, K = U ie N T and let A be the 
group of all finite permutations. Then there is a natural shift action of A on 
K. Let G = A x K. Then G is a locally compact group with K as an open 
subgroup. Take a to be any distal automorphism of G. Then C(a) = {e} 
and for any a-invariant compact subgroup L of G, Cx(ot) = L (cf. [28]). This 
implies that Cx(at) = C(a)L for any a-invariant compact subgroup L of G. 
Suppose there are small compact normal subgroups Ki of G such that G/Ki 
are finite-dimensional. Then Li = Ki C\ K are normal A-invariant subgroups 
of K and Kj Ki are compact connected abelian subgroup of finite dimension. 
Since A is torsion, each r G A acts distally on K/Ki. By Theorem 5.15 of 
[25] . A-action is distal on K/Ki. Since dKi = {e}, A-action on K is distal 
which is a contradiction. Thus, G has no small compact normal subgroups 
Ki such that G/Ki are finite-dimensional. □ 

Corollary 4.11 Let G be a locally compact group and a G Aut(G). Suppose 
there are small compact normal a-invariant subgroups Ki of G contained 
in G° such that each G°/Ki is a real Lie group. Then for any a-invariant 
compact subgroup L of G, Cx(a) = C(a)L. 

Proposition 4.12 Let K be a compact group and T be a a-compact locally 
compact group acting on K by automorphisms. If the T- action on K has 
DCC, then K is metrizable. Further ifT = {a n | n G Z} and both C(a) and 
C(a~ l ) are trivial, then K is a real Lie group and a is distal on K . 

Proof We first claim that K is metrizable. By Proposition 11.11 we get that 
there is a T-invariant compact normal subgroup K\ of K such that K/K\ 
is metrizable and hence a countable collection {U n } of neighborhoods of e 
such that n n U n = K\. If K is not metrizable, then K\ ^ {e}, hence by 
Proposition II. 1[ there is a r-invariant compact normal subgroup K 2 of K 
such that K/K2 is metrizable and K2 C r\ n (U n \ {x}) for some x G K\ with 
x 7^ e. Proceeding this way we get a sequence {K m } of compact normal 
r-invariant subgroups such that K/K m is metrizable and K m+ i C K m for 
all m. This is a contradiction to the hypothesis that the T-action on K has 
DCC. Thus, K is metrizable. 

Further assume that T = {a n \ n G Z}. By Proposition 5.4 of [20], there 
exist a compact Lie group G with the identity e and a full subgroup H of 
G x G (i.e. both the projections of H on G are surjective), such that is 
isomorphic to a full shift invariant subgroup Y H of G z , where Yjj = {(xj) G 
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G z | (xi,Xi + i) G H for all % G Z} and the action of a on K corresponds to 
the shift action (xj) h-> (x i+ i) for (x^ G Y#. We may assume that = Y# 
and a is the shift-action defined above. 

Let 4>: Yh — > G be such that 0((xj)) = Xq. Then is a continuous 
homomorphism. We now prove that <fi is injective. If 0((xj)) = e, that is 
x = e for some (a^) G Then (x_i, e), (e, Xi) G and (xj,x i+ i) G ii\ 
Since if is a group, (e, e) G i/. Define = Xj for i < and aj = e for i > 0, 
hence (a*) G but (a«) G C(a) which is trivial. This implies that Xj = e 
for i < 0. Similarly we can show that x\ = e for z > 0. Thus is injective. 
Since Yh is compact and G is a real Lie group, we get that K ~ Yh is also 
a real Lie group and the rest of the proof follows from Proposition 14.11 □ 

Proof of Theorem 14.31 If a is distal, then for any a-invariant compact 
subgroup L, Cl^o^ 1 ) = L follows from Corollary 3.2 of [2B]- Suppose for any 
a- invariant compact subgroup L, we have C^ipt ) = L. Consider the factor 
a of a on G/G°. By Proposition SSI we get that C(a ±1 ) = G° in G/G°. 
This implies by [19] that a is distal. Thus, it is sufficient to show that the 
restriction of a to G° is distal (see [28J). We will denote the restriction 
of a to G° also by a. Since G° is connected, there is a maximal compact 
characteristic subgroup K of G° such that G°/K is a connected Lie group. 
Since K is characteristic, K is a-invariant. Since Ck{ol) — K — CV(a _1 ), the 
contraction subgroups of factor automorphisms of a and a^ 1 on G°/K are 
trivial. This implies that the factor of a on G°/K is distal (see Proposition 
14. ip . Thus, it is sufficient to show the distality of the restriction of a on K 
which will also be denoted by a. 

By Proposition 11.11 we get that each neighborhood U of e in K contains 
a compact normal a-invariant subgroup Kjj such that K/Kjj is metrizable. 
Also, a is distal on K if and only if a is distal on K/Kjj for each U. Since 
the assumption that Cl{o) = L for any compact a- invariant subgroup L 
is valid on quotient groups K/Kjj, we may assume that K is metrizable. 
By Theorem 3.16 of [20], there exists a sequence {K n } of closed normal a- 
invariant subgroups of K such that K n+ i C K n for all n, n n K n = {e} and 
the {a n | n G Z}-action on K/K n has DCC. By Proposition 14. 12[ a is distal 
on K/K n . Since r\ n K n = {e}, a is distal on K. □ 

It may be remarked that the subgroup L in Theorem 14.31 may be assumed 
to be contained in the maximal compact normal subgroup of G°. In |19j, 
it is shown that a is distal on a totally disconnected group if and only if 
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C(a ±1 ) = {e}. A recent result in [18J combined with our results yields the 
following corollary which strengthens and generalizes the result in [T^] and 
extends the result in [18] on compact groups to all locally compact groups. 

Corollary 4.13 Let G be a locally compact group and a G Aut(G). Then 
the {a n } n( zn- action on G is distal if and only if C(a) = {e}. In particular, 
a is distal if and only if C{a ±1 ) = {e}. 

Proof If the {a n } ne N-action on G is distal, then C(a) = {e}. We now 
assume that C(a) = {e}. Let G° be the connected component of the identity 
in G and K be the maximal compact normal subgroup of G° such that G°/K 
is a Lie group. Since K is maximal, it is characteristic. In particular, K is an 
a-invariant normal subgroup of G. Since K is compact, a is distal on K (cf. 
[18]). By Theorem^ C K (a) = C(a)K = K. Thus replacing G by G/K, we 
may assume that G° is a Lie group. Since G° is a Lie group, Proposition 14.11 
implies that the {a n } ne N-action on G° is distal. Now using Proposition 14.81 
and replacing G by G/G° we may assume that G is totally disconnected. Let 
U be any compact open subgroup of G. Since C(a) is closed, by Theorem 3.32 
of [3], C(a _1 ) is also closed. Then there is an such that fl^aT^C/) is tidy 
for a -1 (cf. Theorem 3.32 of [3]). Let V = n" =0 aT l ([/). Then V is a compact 
open subgroup of G such that V C U . Since C(a) is trivial, Proposition 3.24 
of [3] implies that the scale of a -1 is one, hence C V (see Definition 

2.1 of [3]). If e is in the closure of {a n (x) \ n G M} for some x G G, then 
a n (x) G V for some n > 1. This implies that x G a~ n (V) G V G U. Since 
U is any compact open subgroup, we get that x = e. This proves that the 
{a n } ng N-action on G is distal. The second assertion easily follows from the 
first. 

□ 

The following corollary follows easily from above and Theorem 1.1 of [31]. 

Corollary 4.14 Let G be a locally compact group and a G Aut(G). Then 
the closure of the a-orbit of x, {<y n {x)} n€Z is a minimal closed a-invariant 
set for every x G G if and only z/C(a ±1 ) = {e}. 

5 Unimodularity 

In this section, we relate relative compactness of contraction groups and 
groups whose closed subgroups are unimodular. We first recall the following 
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well-known result on Lie groups which is often used: 

Lemma 5.1 Let G be a real Lie group and a G Aut(G). Then a preserves 
the Haar measure of G if and only if | det(da)| = 1 where da is the differ- 
ential of a on the Lie algebra of G. 

Proof Let G° be the connected component of G. Since G is a real Lie 
group, G° is an open a-invariant subgroup of G. Then a preserves the Haar 
measure on G if and only if a preserves the Haar measure on G°. So, we 
may assume that G is connected. Now the result follows from Proposition 
55, Section 3.16, Chapter III of [5]. 

For a locally compact group, we consider the following conditions: 
(i) Closed subgroups of G are unimodular; 

(ii) Cx(a) is relatively compact for any inner automorphism a of G and for 
any a-invariant compact subgroup L of G; 

(Hi) C(a) is relatively compact for any inner automorphism a of G; 

(iv) G is pointwise distal. 

We now obtain the following relations between (i)-(iv). 

Theorem 5.2 Let G be a locally compact group. Then (i) and (ii) are equiv- 
alent and (iv) =>■ (ii) =>■ (Hi). 

1. Further, if the connected component in G is a real Lie group, then (i)- 
(iii) are equivalent. 

2. Furthermore, if there is a continuous injection <fi: G — > GL(n,¥) where 
F is a local field or G is an almost connected group, then (i)-(iv) are 
equivalent. 

To prove Theorem 15.21 we need the following Lemmas. 

Lemma 5.3 Let G be a locally compact group, a G Aut(G) and let H be a 
a-invariant closed normal subgroup of G. 

If Haar measures of G and H are a-invariant, then the Haar measure of 
G/H is also a-invariant. 
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In particular, if the Haar measure of any a-invariant closed subgroup of 
G is a-invariant, then the Haar measure of any a-invariant closed subgroup 
of G/H is also a-invariant. 

For a locally compact group L, let Xl denote the left Haar measure on L 
and Al denote the modular function of L. 

Proof Let G, a and H be as above. Then the following formula for <p G 



defines the left Haar measure on G; for u G G, u = uH in G/H. For 
<p G C C (G), define (fi a by <p a (g) = <f)(a(g)) for any g G G. Then 4> a G C C (G). 
Since X G and Xh are a-invariant, we have for any G C C (G), 



A G (0) =XgM 

= J d\ G/H {u) J <p a (uh)d\ H {h) 
= f d\ G / H (u) J <p(a(u)h)d\ H (h) 
= A G/if (a) / dX G/H (u) J 4>(uh)d\ H (h) 
= A G/H (a)X G (<j)). 



This implies that A G / H (a) = 1. Thus, the Haar measure of G/H is a- 



The next result is proved for compact Lie groups, however it can be proved 
for any compact metrizable group using [18] but here we include the simple 
proof for the Lie case which also makes the paper more self-contained. 

Lemma 5.4 Let K be a compact Lie group and a be an automorphism of 
K . Then we have the following: 



Proof It is enough to prove (1) as it implies (2). Since K is a compact 
Lie group, both C(a) and C(a~ l ) are normal subgroups contained in K°. 
Hence we may assume that K is connected. Let /3 denote the factor of a 
on K' = K/C{a~ 1 ). By 3.2.13 of [H], = {e}. Let V be the Lie 

algebra of K' and let d/3 be the differential of on V. Then the eigenvalues 



C C (G) 




invariant. 



□ 



(1) C(a) = C(a- 1 ). 

(2) C(a) = {e} if and only ifC(a~ 1 ) = {e}; 
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of (3 are of absolute value less than or equal to one. Since K' is compact, 
| det (d/3)| = 1. This implies that eigenvalues of df3 are of absolute value 
one. Thus, C((3) = {e} and hence C(a) C C(a~ r ). Replacing a by a" 1 we 
get that C(a- r ) C C(a). □ 

Lemma 5.5 Let a be an automorphism of a real Lie group G. If H = C(a) 
and the Haar measure of H is a-invariant, then H is compact. 

Proof Since G is a real Lie group, H = C(a) is a connected nilpotent Lie 
group. Then H contains a compact connected central subgroup K such that 
H/K is a simply connected nilpotent Lie group. Since C(a)K/K is a simply 
connected nilpotent Lie subgroup of H/K, C{a)K/K is a closed subgroup of 
H/K and hence H = C(a)K. In particular, a contracts H/K. If the Haar 
measure on H is a-invariant, then since K is compact, the Haar measure on 
H/K is a-invariant (cf. Lemma [5.31) . Thus, a contracts H/K and the Haar 
measure on H/K is a-invariant. Hence H = K. □ 

Proposition 5.6 Let G be a real Lie group and let a be an automorphism 
ofG. Then the following are equivalent: 

(1) The Haar measure of any a-invariant closed subgroup ofG is a-invariant. 

(2) C{a) andC{a^ 1 ) are relatively compact; 

Proof Suppose C(a) as well as C{a~ 1 ) is relatively compact. Then they 
normalize each other as groups. Since G is a real Lie group, this implies that 
K = C(a)C(a~ 1 ) is a compact a-invariant Lie subgroup. Applying Lemma 
15.41 to a restricted to K, we get that C(a) = C(a _1 ) = K. Let Q be the Lie 
algebra of G. Then da, the differential of a defines a linear transformation 
on Q. Let V C Q be the Lie algebra of K. Then eigenvalues of the factor of 
da on Q /V have absolute value one and hence its determinant has absolute 
value one. Since V is a Lie algebra of a compact connected Lie group, the 
determinant of da restricted to V also has absolute value one. Thus, the 
absolute value of determinant of da on Q is one. This proves that the Haar 
measure on G is a-invariant. Thus, we get that (1) implies (2). 

Now assume (2). Let H = C(a). Then the Haar measure of H is a- 
invariant. Then by Lemma \5. 51 H is compact. We can also replace a by a -1 
and get that (2) implies (1). □ 

We now prove the following version of Theorem 15.21 



25 



Theorem 5.7 Let G be a locally compact group and let a be any automor- 
phism of G. Then the following are equivalent: 

(i) The Haar measure of any a -invariant closed subgroup ofG is a-invariant. 

(ii) C^a^ 1 ) is relatively compact for any a-invariant compact subgroup L 
ofG. 

Proof Let G° be the connected component of e in G. Then G° is a-invariant 
and G/G° is totally disconnected. We denote the factor of a on G/G° by (3 
which is an automorphism defined by (3(gG°) = a(g)G° for all g G G. Let 
7r: G — > G/G° be the canonical projection. Then 7r(a(g)) = (3(n(g)) for all 
g G G. Let s G / G o : Aut(G / G°) — > N be the scale function defined as in [3|. 

Assume that the Haar measure of any a-invariant closed subgroup of 
G is a-invariant. We now prove that Cl{o) is relatively compact for any 
a-invariant compact subgroup L of G. By Lemma 15.31 the Haar measure 
of any /3-invariant closed subgroup of G/G° is also /3-invariant. Then by 
Proposition 3.21 of [3J, we get that s G / G o(/3 ±1 ) = 1. Now Proposition 3.24 
of [3] implies that C(j3) is relatively compact. Let C = 7r(L). Then from 
Theorem 3.8 of [3J, we get that Cc((3) = C((3)C is relatively compact. Let 
G\ = 7r _1 (Cc(/3)). Then G\ is a a-invariant closed subgroup containing 
Cl{o) and hence C^a) C G\. Since G\/G° is compact, G\ is almost con- 
nected. By [23J, Gi contains a maximal compact normal subgroup K such 
that G\/K is a real Lie group. Since K is maximal, it is a characteristic 
subgroup of G\. In particular, K is a-invariant. It follows from Lemma [5.31 
that (i) is valid for G\jK. Also, Cl{q) C Ckl(®)- Replacing Gi by G%/K, 
we may assume that G\ is a real Lie group. Since C(a) C G\, it follows from 
Proposition 15.61 that C(a) is relatively compact. Since G\ is a real Lie group 
and Cl{q) C Gi, Theorem [O] implies that C^a) = C(a)L and hence Ci(a) 
is relatively compact. Using the fact that the Haar measure of any closed 
a-invariant subgroup of G is a-invariant if and only if it is a _1 -invariant, 
as above we can get that Cx(a -1 ) is relatively compact for any a-invariant 
compact subgroup L of G. 

Suppose C*i(a ±1 ) is relatively compact for any a-invariant compact sub- 
group L of G. Then by Proposition 14.81 C(/3 ±1 ) is relatively compact in 
G/G°, hence by Proposition 3.24 of [3] we get that Sc/G ( a±1 ) = 1- This 
implies that there is a a-invariant open subgroup H of G such that G° C H 
and H/G° is compact. Therefore, H is almost connected. By [23], H has a 
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maximal compact normal subgroup K such that H/K is a real Lie group. 
Since K is maximal, it is characteristic. In particular, K is a-invariant. Let 
v be the factor automorphism of a on H/K. Then Ck{ol)/K = C(v) and 
hence C(v) as well as C(v^ x ) is relatively compact. Since H/K is a real Lie 
group, by Proposition I5.6[ the Haar measure of H/K is //-invariant. Since 
K is compact, the Haar measure of H is a-invariant. Since H is an open 
subgroup of G, the Haar measure of G is a-invariant. Since any a-invariant 
closed subgroup of G also has (ii), the Haar measure of any a- invariant closed 
subgroup of G is a-invariant. □ 

Proof of Theorem 15.21 Applying Theorem 15.71 to inner automorphisms, 
we get that (i) and (ii) are equivalent. By Theorem 3.1 of [55] ; we get that 
(iv) implies (ii) and by taking L = {e} we get that (ii) implies (Hi). 

If the connected component in G is a real Lie group. Then (Hi) =>■ (ii) 
follows from Theorem 14.41 

Suppose there is a continuous injection cf)\ G — > GL(n,¥) where F is a 
local field. In order to prove (i)-(iv) are equivalent it is sufficient to prove that 
(Hi) implies (iv). Let x G G and define a: GL(n,¥) — > GL(n,¥) by a(g) = 
(pfflgfix- 1 ) for all g G GL(n,¥). Let C(a, GL(n, ¥)) = {g G GL(n, ¥) \ 
aTL (g) e as ti — > °°} an d C(a,G) = {g e G \ x n gx~ n — >■ e as n — > 
oo}. Then C(a, GL(n, ¥)) is a closed a-invariant subgroup of GL(n,¥) and 
(j)(C(a, G)) C C(oj, GL(n, ¥)). Now (iii) implies that C(a, G) is a a-invariant 
compact subgroup of G. Since <fi is continuous, (f>(C(a,G)) C (f)(C(a,G)) C 
C(a, GL(n, ¥)). Since C(a, GL(n, ¥)) has no a-invariant nontrivial compact 
subgroup, <p(C(a,G)) is trivial, hence C(a,G) is trivial as is an injection. 
Now (iv) follows from Corollary 14.131 

Suppose G is an almost connected group. Then G has arbitrarily small 
compact normal subgroups such that G/K^ is an almost connected real 
Lie group. By Corollary 14. 11\ G/K^ satisfies (Hi) if G satisfies (Hi). Thus, it 
is sufficient to prove (Hi) implies (iv) for almost connected real Lie groups. 
Let G be an almost connected real Lie group. Then the connected component 
of the identity in G has finite index in G, hence to prove (Hi) implies (iv), 
we may further assume that G is a connected Lie group. Let x G G. Define 
a: G G by a(g) = xgx~ x for all g G G. Suppose C(a) and C(a~ 1 ) 
are relatively compact. We will now claim that a is distal. Let Q be the 
Lie algebra of G and Ad be the adjoint representation of G on Q. Let 
U = {r G GL(Q) | (da) n T(da)~ n -)> e as n -)> oo}. Then [/ is a closed 
subgroup of GL(Q). Since Ad(a(g)) = daAd(g) da -1 for all g G G, we get 
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that Ad(C(a)) C U. Since U has no nontrivial compact subgroup invariant 
under conjugation by da, C(a) is contained in the kernel of Ad. Since G is 
a connected Lie group, kernel of Ad is the center of G. This shows that C(a) 
is contained in the center of G. Since a is inner, C(a) is trivial. Similarly 
we can show that C(a~ 1 ) is trivial. Now Proposition 14.11 implies that a is 
distal. Thus, (Hi) implies (iv). 

□ 

Acknowledgement The second author would like to thank the Indian Sta- 
tistical Institute (ISI), Bangalore, India as some part of the work was done 
during a couple of short visits to the institute. 



References 

[1] H. Abels, Distal affine transformation groups, J. Reine Angew. Math. 299/300 (1978), 
294-300. 

[2] H. Abels, Distal automorphism groups of Lie groups, J. Reine Angew. Math. 329 
(1981), 82-87. 

[3] U. Baumgartner and G. Willis, Contraction groups and scales of automorphisms of 
totally disconnected locally compact groups, Israel J. Math. 142 (2004), 221-248. 

[4] D. Berend, Ergodic semigroups of epimorphisms, Trans. Amer. Math. Soc. 289 
(1985), no. 1, 393-407. 

[5] N. Bourbaki, Elements of mathematics. Lie groups and Lie algebras. Chapters 1-3. 
Transl. from the French. 2nd printing. Berlin etc.: Springer- Verlag, 1989. 

[6] J. P. Conze and Y. Guivarc'h, Remarques sur la distalite dans les espaces vectoriels, 
C. R. Acad. Sci. Paris Ser. A 278 (1974), 1083-1086. 

[7] S. G. Dani, On automorphism groups of connected Lie groups. Manuscripta Math. 
74 (1992), no. 4, 445-452. 

[8] S. G. Dani and R. Shah, Contraction groups and semistable measure on p-adic Lie 
groups. Math. Proc. of Cambridge Phil. Soc. 110 (1991), 299-306. 

[9] S. G. Dani and R. Shah, Contractible measures and Levy's measures on Lie groups, 
in: Probability on Algebraic Structures (Ed. G. Budzban P. Feinsilver and A. 
Mukherjea), Contemporary Math. 261 (2000), 3-13. 

[10] R. Ellis, Distal transformation groups, Pacific J. Math. 8 (1958), 401-405. 



28 



[11] H. Furstenberg, The structure of distal flows. Amer. J. Math. 85 (1963), 477-515. 

[12] Y. Guivarc'h and C. R. E. Raja, Recurrence and ergodicity of random walks on linear 
groups and on homogeneous spaces. To appear in Ergodic Theory and Dynamical 
Systems. 

[13] G. Hochschild. The structure of Lie groups. Holden-Day, Inc., San Francisco-London- 
Amsterdam 1965. 

[14] W. Hazod and E. Siebert, Automorphisms on a Lie group contracting modulo a 
compact subgroup and applications to semistable convolution semigroups, J. Theo- 
ret. Probab. 1 (1988), 211-225. 

[15] W. Hazod and E. Siebert, Stable probability measures on Euclidean spaces and on 
locally compact groups. Structural properties and limit theorems. (English) Mathe- 
matics and its Applications (Dordrecht). 531. Dordrecht: Kluwer Academic Publish- 
ers 2001. 

[16] E. Hewitt and K. A. Ross, Abstract harmonic analysis. Vol. I. Structure of topological 
groups, integration theory, group representations. Second edition. Grundlehren der 
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] , 
115. Springer- Verlag, Berlin-New York, 1979. 

[17] W. Jaworski, On contraction groups of auotomorphisms of totally disconnected lo- 
cally compact groups. Israel Journal of Mathematics 172 (2009), 1-8. 

[18] W. Jaworski, Contraction groups, ergodicity and distal properties of automorphisms 
on compact groups, preprint. 

[19] W. Jaworksi and C. R. E. Raja, The Choquet-Deny theorem and distal properties 
of totally disconnected locally compact groups of polynomial growth, New York J. 
Math. 13 (2007), 159-174. 

[20] B. Kitchens and K. Schmidt, Automorphisms of compact groups. Ergodic Theory 
Dynam. Systems 9 (1989), 691-735. 

[21] V. Losert, On the structure of groups with polynomial growth. Math. Z. 195 (1987), 
109-117. 

[22] V. Losert, On the structure of groups with polynomial growth. II. J. London Math. 
Soc. (2) 63 (2001), 640-654. 

[23] D. Montgomery and L. Zippin, Topological transformation groups. Interscience Pub- 
lishers, New York-London, 1955. 

[24] C. R. E. Raja, On classes of p-adic Lie groups. New York J. Math. 5 (1999), 101-105. 



29 



[25] C. R. E. Raja, On growth, recurrence and the Choquet-Deny theorem for p-adic Lie 
groups. Math. Z. 251 (2005), 827-847. 

[26] C. R. E. Raja, Distal actions and ergodic actions on compact groups, New York 
Journal of Mathematics 15 (2009), 301-318. 

[27] C. R. E. Raja, On the existence of ergodic automorphisms in ergodic Z d -actions on 
compact groups, Ergodic Theory and Dynamical Systems, 30 (2010), 1803-1816. . 

[28] C. R. E. Raja and R. Shah, Distal actions and shifted convolution property. Israel 
Journal of Mathematics 177 (2010), 391-412. 

[29] J. Rosenblatt, A distal property of groups and the growth of connected locally com- 
pact groups, Mathematika 26 (1979), no. 1, 94-98. 

[30] K. Schmidt, Dynamical systems of algebraic origin. Progress in Mathematics, 128. 
Birkhauser Verlag, Basel, 1995. 

[31] Riddhi Shah. Orbits of distal actions on locally compact groups. To appear in Journal 
of Lie Theory. 

[32] P. Walters, An introduction to ergodic theory. Graduate Texts in Mathematics, 79. 
Springer- Verlag, New York-Berlin, 1982. 



C. R. E. Raja 
Stat-Math Unit 

Indian Statistical Institute (ISI) 
8th Mile Mysore Road 
Bangalore 560 059, India 
creraj a@isibang.ac. in 



School of Physical Sciences(SPS) 
Jawaharlal Nehru University(JNU) 
New Delhi 110 067, India 
rshah@mail.jnu.ac.in 
riddhi.kausti@gmail.com 



Riddhi Shah 



30 



